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INCOMPLETE  LIPSCHITZ-HANKEL  INTEGRALS 
OF  BESSEL  FUNCTIONS 


INTRODUCTION 

The  general  incomplete  Lipschitz-Hankel  Integral  of  Bessel  Functions  of  the  first  kind  is  defined 
by 


J,  (a,  z)  =  TV' /"./,(/)<* 


(1) 


Here  the  symbol  e  denotes  the  presence  of  the  exponential  function,  and  p,  v  may  be  complex 
numbers.  Analogously,  we  may  define  integrals  that  contain  the  functions  sin  ( at )  and  cos  (at)  in 
place  of  exp  ( at ). 


V,  (a,  z)  =  f  sin  (at)  fMy„(r)</r  (2) 

7,  (a,  z)  =  f  cos  (atl^y  (t)dt  (3) 

<*.►  •'0 


To  assure  convergence  of  these  integrals,  it  is  necessary  that  Re  (1  +  + 1>)  >  0  When  n  -  v  we  shall 

write,  for  example. 


7,  (a ,  z)  =  J.  (a ,  z) 

MM  M 


(4) 


We  shall  also  define  integrals  of  modified  Bessel  functions  /„(r)  or  other  cylindrical  functions  C(r)  by 
simply  replacing  J  by  /  or  C  in  the  above  definitions.  In  addition,  we  define  J *  =  J,  J~  =  I. 

In  Ref  1  it  is  shown  for  the  Bessel  function  of  imaginary  argument  or  MacDonald  function  K0 

that 


K,o(a,  z>  -  z  AC0(z)  A  (a,  z)  +  z2K,(z>  B(a.  z) 


i 

where 


.4  <a,  z)  = 


1.13  aV 


£  |  — ,  |,  -i; 

2  2  2 


4  -  fOll.  1.1.  1.2.  f 


3  a2z* 


B(a.  :)  s  ily.  I;  y.  „ 


aV  z2 


f  +  foil.  I.  !.  2,  2.  Y 
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Here  L  and  Q  are  Kampe  de  Feriet  double  hypergeometric  functions  (defined  below)  of  order  three 
and  four  respectively.  These  functions  are  therefore  non-Gaussian.  Only  members  of  the  class  of  dou¬ 
ble  Gaussian  series  of  order  two  that  consists  of  34  distinct  convergent  forms  have  been  given  names 
12,  p.  541.  These  34  forms  are  sometimes  referred  to  as  Horn's  list. 

In  this  report  we  shall  show  that  the  functions  L  and  Q  may  also  be  employed  to  give  representa¬ 
tions  for  Eqs.  1-4  for  /  and  J.  To  this  end  we  recall  the  definitions  of  the  Kampe  de  Feriet  functions 
L  and  Q  : 


0:2,1 

01  a,  /3,  y;  /i,  t>.  A;  x,  y]  =  F  j.j.g 


-  :  a,/3  ;  y  ; 

.  x,y 

n,v  ■  y,~. 


I  la,  0;  y,  8;  x,  y\  =  Qla,  A,  /3;  y,  8,  A;  x,  y  1 


Ijc I  <  <»,  lyl  <  «> 


We  shall  also  introduce  the  third  order  function 


1:0;0 

N la;  0,  y,  8;  x,  yl  =  F  j.j. j 


a  :  -  ; 


P  ■  y  ;  8  ; 


.  x,y 


Ixl  <  lyl  <  oo 


REPRESENTATIONS  FOR  J*  (a,  i),  Jc*  (a,  i),  J,*  (a.  i) 

M*  M.*  M.* 

Since 


we  easily  find  that 


j;  (f) 


(r/2)- 
f(l  +v) 


of.K  • 


+  v;  TrV 4) 


eal  t'J,'  (/> 


1  y  ol  y  ffD"  t*'"2”"" 

2M'(1  +  „)  *T0  n'  m“0  2^(1  +  v)mm] 


Now  assuming  that  /?«•(!  +  #*  +  »/)  >  0  we  obtain,  on  integrating  term  by  term  with  respect  to  t. 


Jr 


la. 


Z ) 


2T(I  +  v) 


oo 

I 


(az)n 

n'. 


ITz2/  4)" 

m! 


_ 1 _ 

(I  +  y)m ( 1  +  /i  +  i»  +  2#t  +  »l 


(5) 


Substituting 


1  1 

1  +  M  +  V 

.  (1  +  ^  +  v  +2m>. 

2 

1  +  M  +  *  +  2m  ♦  »  l+jt  +  v 

3  4-  M  +  V 

2 

(2  +  ^  +  +  2*i )  „ 

m 
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into  Eq.  5  then  gives 


J*  (a,  z) 


\+u 

+  V 

m 

2 

2v(i  +  ft  +  i/)  r(i  +  p)  m.o 

3  + 

u  +  V 

2 

(1  +  *>« 
m 

(*z2/ 


•  iF,ll  +  ft  +  v  +  2 m;  2  +  ft  +  v  +  2m;  az] 

Now  using  Kummer’s  first  theorem 

i^ila;  c\  z]  -  ez  XFX  (c  -  a;  c;  -r) 

we  obtain  from  Eq.  6 


1  +  M 

+  V 

m 

2 

2*'(1  +  M  +  v)f(l  +  v)  JZo 

3  +  U  +  v 

2 

(1  +  a). 

m 

(*; 


XF\  U;  2  +  n  +  v  +  2m;  —ail 


Since 


■)2* 

2  +  M  +  l» 

3  +  M  +  |r 

l 

4 

2 

m 

2 

(2  +  ^  +  »<  +  2m ) 

we  obtain  from  Eq  7 

J '*  (a.  z) 


<2  +  M  +  *'>2«  + , 


2M1  +  M  +  *->r<  1  +  *)  m7.o  at! 


^  (?zJ)"  (-az)" 


<l). 


)  ±  M  +  M  I  2  ±  M  +  v 


(  I  +  v)w  (2  +  M 


I  mall>.  noting  that  for  any  <> 
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(2  +  «)2„+2<I+1  -  (2  +  a)22*22"  ] 


3  +  a 

4  +  0 

2 

m+it 

2 

we  obtain  from  Eq.  8  and  the  definition  of  Q  given  earlier 

-1+M+* 


J*  (a,  z ) 


2-d  +/*+  *>ru  +  v) 


I+n  +  v  2  +  u  +  v  ,  2  +  u  +  v  3  +  u  +  v  .  .  .  Tz2  a2z2 


2  ’  2 


c— — i-  XJL  i  +  „•  _Li_  «_L_] 

2  ’  2  ’  ’  4  ’  4 


g£  OfJJtiL+JL  2  +>*  +  v  ..  3  +  /*  +  v  ^  +  M  +  v  .  ,  +*1  flVi 

2  +  m  +  v  2  ’  2  ’  2  ’  2  ’  4  *  4 


On  letting  /*  -  v  in  Eq.  9  we  have 


Jt*  (a,  z)  - 


z(z2/2)M  e” 

(1  +  2M)f(l  +  ft) 


3  ,  Tz2  a2 


£l-  +  ^l;l  +  ^,T  +  ^— 1 


az  ,  i  1  .  , .  3  ,  ,  ,  .  ?z2  a2z 2 1 

2(T'+Mr  y  +  M'  **  2  +  2  +  M’  T’  T1 


In  addition  we  may  use  Eq.  5  and  the  definition  of  N  to  obtain 


,l+M  +  » 


_ 1  s\l±JL±JL-  3  ± M  ± 

1  +  M  +  v  2  *  2 


tL±JL.  i  +  L  i  +  „  I-  II i  £!^.) 
2  *  2  ’  ’  2  ’  4  ’  4  1 


+ - « - \[ 3  ±J*  ±  j±JL±±  i  +  „  1  •  +£1  £Xj 

2  +  ft  +  v  2  2  244 


3  Tz2  a2z 2 


■>>  \  ;V 
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And  from  these  equations  we  obtain  on  letting  n  -  v 


Jc > (a’ 2)  “  2M(l  +  2M)r(l+M)  (cos  (az)  LtT  1;  1  +*  2  +  *  — 


+  TUTu)  sin  (az)  +  M,  1;  y  +  M.  2  +  m;  yf-,  -y1-] 


z1  +  2m  *r r  1  |  3  .  .  .  1  Tz2  -a2z2 , 

iTiTvF<rr;i  wit + "•  i + 1 + <*•  t ■  —  ~i~] 


-a1,1 


J*  (a,  z) 


2I  +2M 

2m(i  +  2M)r(i 


— — y  jsin  (flz)  L  (y  +  fi,  1;  1  +  fi,  y  +  ft;  -y~,  — y^~l 


2(1 +"M)  cos  (az)  Ll7  +  M,  1;  y  +  M,  2  +  m;  -y1-] 


72(1  +M» 


3  Tz2  — a2z2 


21  +  M(1  +M)r(l  +  M) 


A(1  +  n,  2  +  n,  \  +  fi,  -y— ,  — - — 1 


Finally,  noting  that  /„(z)  may  be  represented  by 


f,(z)  -  r(l^+ y)  e±i  1^1  ly  +  v\  1  +  2v\  T2 z] 


we  readily  obtain 


I,  (a,  z) 


1:1  ;0  1  +  ./ :  1/2  +  „  ;  -  ; 


2*'(1  +  /x 


- ; — ; - r  ^  i.i. a  t  .  L  .  ,  *  7  .  .  ±2z,  (u  T  l)z 

+  u  +  «/)r(l+„)  1.1,0  2  +  M  .  1+2*-,-, 


REDUCTION  FORMULAS  FOR  L,  N,  Q 

In  some  instances  /*  (a,  z)  may  be  expressed  in  terms  of  generalized  hypergeometric  functions 

M.* 

provided  that  we  know  a  seduction  formula  for  one  of  L,  N ,  or  Q.  By  using  Ref.  3,  p.  55,  Eqs.  19,  20, 
and  21  respectively  we  find 

N(a;  /3,  y,  y;  jc,  -jc)  -  2 ^sly,  **  ^  y,  -j-,  — y-1 
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L[a,  y,  8’,  x,  x]  -  iF2[a  -!  0;  y,  8;  x] 


it  «  i  r-r  y  y  +  1  8  8  +  1  x2 , 

Lla,  a;  y,  8;  x,  -xl  -  |F4la;  2 — ’  T’  — 2 — ’  T6 


Using  Ref.  2,  p.  28.  Eqs.  33  and  34  respectively  we  find 


Nla\  0,  y,  8;  x,  x]  -  3F4[a, 


+  8-1  y  +  8 


2  ’  2 


;  0,  y,  8,  y  +  8  -  1;  4x) 


/-«r  1/2  +  1/2  +  v  .  nit  1  f  3  +  2p  5  +  2i>  1 

01 - j - >  — 2 — ’  )8’  1  +  x  =  2^3  — 4 — ’  — 4 — ’  P'  1  + 

Employing  Eqs.  9  and  13,  we  easily  deduce 


z2  z2,  1 


0lV‘;  4 •  4 1  ”  J  ^2F2lVs;  ~2z]  +  e~*2F2 [Vs;  2z]} 


OtV2;  T’  IT1  '  2~  $ z~  -  2z)  -  e-z2F2[V5;  2z]} 


And  finally,  using  Eqs.  11  and  12  we  find 


OIV,;  -fl-cosz  MV,;  =£,  -fi 


1  +  M  +  v 

2  +  ft  +  v 


-z2  -z2 


-z2  -z2 

4  ’  4 


'  4 

’  4 

-z2 

4  ’ 

-z2 

J  > 

-fi 

Replacing  z  by  iz  in  these  equations  then  gives 


OlVf,  T1  =  cosh  z  Ntv^  T*  T1  “  i  t  7  sinh  7  Nlv*'  IT'  T1 

44  442-f/x  +  i'  44 


7 2  sinh  7  z2  ?2  ->2  ^ 

-V,  4-1  -  (2  +  M  /V[V3;  ■— -4  ~]  —  0  +/*  +  *')  cosh  z  /V[V4;  -7-,  V 

44  z  44  44 
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where,  on  using  Eq.  14, 


MV,;  41  '  -f~~. 


1/2  +  1/  3/2  +  iz 


3  +  /*  +  v  1,  ,  ,  1 .  ?i 

- 1 - ,  y  +  «/,  1  +  v,  y;  zzJ 


»,rr-r  z2  z1 !  r,r2 +  /*  +  »/  3/2  +  p  5/2  +  iz.  4  +  +  p  3  ,  ,  ,  3 

IVIV4;  — ,  —1  -  3F4I - + - ,  -L— - ,  -L—z - ; - + - ,  -z-  +  «/,  I  +  v,  -r;  zzJ 

44  2  22  22  2 


SUMMARY 

Various  representations  for  incomplete  Lipschitz-Hankel  integrals  of  Bessel  functions  have  been 
given  in  terms  of  Kampe  de  Feriet  double  hypergeometric  functions.  Reduction  formulas  for  the  dou¬ 
ble  series  employed  have  been  given  in  some  cases. 
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